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Let define the joint survival function of S and T via a copula function:

S(S,t) = P(S > S,T > t) = C(U7U)|u:SS(S),’U:ST(t) 5

where Ss(-) = P(S > s) and Sr(-) = P(T > t) are the marginal survival functions of S and T

Modelling

In the case of possibly right-censored data, the individual contribution to the likelihood is

o S(s,t) = C(u,v)|g4(s),55() if S 1s censored at time s and T is censored at time ¢,

o —25(s,t) = %C(u,v)‘ss(s) Se(t) fr(t) if S is censored at time s and T = t,

. —%S(s,t) = % C(u,0)|g4(s),50(t) fs(5) if S =s and T is censored at time ¢,

fs(s)fe@t)if S=sand T =+t.

2 2
o 22 S(s,t) = ﬁC(u,v) Ss(s),5n(t)
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Clayton copula
The bivariate (Clayton| [1978] copula is defined as

C(u,v) = (ufe +070 — 1)_1/9 , 6> 0.

The first derivative with respect to u is

o 146
%C’(u,v) = ?+ov 1) 7 u~ (10
_[Clwo)]
B U
The second derivative with respect to v and v is
92 C(u, v)1+2°

C(u,v) = (1+6)

Oudv (uv)it?

The [Kendall| [1938)’s tau for the Clayton copula is
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Plackett copula
The bivariate [Plackett| [1965] copula is defined as

_[@-R'7]
C(u,v)—m7 6 >0,
with
Q=14(0-1)(u+v),
R=Q%—40(0 — 1)uv.
Given that
0
%QZQ— ]-7
0
%R:2(9—1)(1—(9+1)v+(0—1)u),

the first derivative of C'(u,v) with respect to u is

0 1 1-O0+1v+(0—1u
5u") =3 [1 - RI2
1 ] Q — 20v
2| R/Z |
By defining
f=1—0+ v+ (0—1)u,
g= R1/2
and given that
0
!
= — = — 1
, 0 0—1

then, the second derivative with respect to v and v is

0  flg—1d
3u81}c(u’v) T 22
- fw[l FO—1D(utv— 2uv)]

= _%[Q —2(0— l)uv]

The Kendall’s tau for the Plackett copula cannot be computed analyticaly and is obtained numerically.

Gumbel-Hougaard copula

The bivariate Gumbel [1960]-Hougaard, [1986] copula is defined as

C(u,v):exp(—Qe), 6 €(0,1),

with
Q= (—lnuw)? + (=Inwv)'/?.
Given that o1
J .  (=Inu)/’"
%Q B Ou 7



then, the first derivative with respect to u is

0 _ (~Inu)t/f-t
%C(U,U) - u

C(u,0)Q" " (19)

and the second derivative with respect to u and v is

1/6—1
92 o [(—mu)(f lnv) . oo [1 ) . %
S Olu,u) = — Q" |5 -1+ (20)
The Kendall’s tau for the Gumbel-Hougaard copula is
r=1-09. (21)

Simulation

The function simData.cc() generates data from a Clayton copula model. First, the time value for the surrogate endpoint
S is generated from its (exponential) marginal survival function:

S = —10g(U5/)\s), with Ug := Ss(S) ~ U(O7 1). (22)

Then, the time value for the true endpoint T is generated conditionally on the value s of S. The conditional survival
function of T'| S is

0 0
——S(s,t)  —C(u,v)
Sris(t] s) = —2 = Oy (23)

As the Clayton copula is used, we get (see Equtaion

C(Ss(s) S ] _ |Us”+Sr@) " 1] "
Snist]s)=|—Fac 7 = —0
C(Ss(s),1) Ug
= [1+ U~ 1)’ (24)
By generating uniform random values for Uz := S1\s(T" | 5) ~ U(0, 1), the values for T'| S are obtained as follows:
#

Ur = [1+U&(Sr(1) ™ = 1)]

e —-1/6

Sr(T) = KUT " 1> Ug’ + 1}
e —-1/6
T =—log(Uy/Ar),  with Up = KUT T _ 1) Uz? + 1] . (25)
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