Geometric Brownian Motion (Lognormal Model)

dS(t) = (o — 6)S(t)dt + o S(t)dZ(t)
dC(S,t) = Cyds + %Css(ds)2 + Cydt
= Oyds|(a — 6)dt + %OSS[(a —6)2d? + 2(a — 8)odtdZ (t) + (S(t))?0*dZ(t)?]
+ 0dZ(1))S(t) + Cdt
= Cuds(o— 8)S(t) +0S(DAZ(1)C, + 50°S (1) + Cud
= [(v — 6)S(t)Cy + %(;252088]dt +0S(t)CdZ(t) + Cydt

The first line follows by Ito’s Lemma.
The second line follows since

dtdZ(t) = dtY (t)Vdt = dt*/*Y (t) = 0
dt* =0
dZ(t)? = (dt?Y (t))* = dt(1) = dt

Let C(S,t) =1nS(t). The partial derivatives can be computed as
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We can plug these into our formula for dC/(S, 1)
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AC(5.1) = [(o = 8)S g + 505 (— )t + 055 dZ (1) + (0)dt
dC(S,t) = (o — 8)dt + odZ — %ant

dn(S(t)) = (a— o — %JQ)dt +0dZ
/dlnS(t) = /(a - — %O'Q)dt—F /(de
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In(S(t)) =In(S(0)) + (. — 6 — 502)25 + o Z(t)
S(t) = S(0)elrm2e)ro2()



