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This vignette covers the particle filters and smoothers implemented in the dynamichaz-
ard package in R. Some prior knowledge of particle filters is assumed. [Doucet and Johansen
(2009) provide a tutorial on particle filters and [Kantas et al.| (2015) cover parameter estima-
tion with particle filters. See also |Cappé et al.| (2005)) for a general introduction to Hidden
Markov models. This vignette relies heavily on [Fearnhead et al.| (2010) and there is a big
overlap between what is presented here and the paper.

1 Method

The models implemented in the package is survival analysis models for terminal events.
These can be in discrete times where we have binary indicators Yix, = 1¢7,¢(1,_, ¢,y Which is
one if the random event time of individual ¢ denoted by T; € (0, 00) is in the interval (tx—_1, tx]
and zero otherwise. It can also be in continuous time where we model the distribution of the
event time of individual 4, T;, with a piecewise constant exponential distribution conditional
on observable covariates and the path a discrete latent variable. To be more concrete, the
model is

Yit ~ g (Yit|Mit)

n = X RTay +0; + Zyw i=1,...,n

o, = Foy_1 + Re, € ~N(0,Q  t=1....d
ao ~ N (Ho, Qo)

where T denote the conditional densities as g; (y¢|a) = g (y:|X;RT ey + 0 + Zyw) and
f(ot]og—1). Foreacht =1,...,d, we ahave risk set given by R; C {1,2,...,n}. Further, we
let n; = |R;| denote the number of observation at risk at time ¢ and nymax = maxieqr,..ay =
nt. The observed outcomes are denoted by y; = {yit},¢ r,- Xt is the design matrix of the
covariates and «; is the state vector containing the time-varying coefficients. The Z; is the
design matrix for the covariates with time-invariant coefficients and w are the corresponding
coeflicients.

The 2’th row of Xy is @y, x4, € € R”, po,p € RP, F € RP*P. Q € R"™ " is a positive
definite matrix, Qo € RP*P is a positive definite matrix, o;s are known offsets, and R is
a p X r matrix with p > r which contains a subset of r columns of I,. We will order the
entires of R such that the first » columns are the first r columns of I,,. ILe.,

I
R (5)
Superscript + denotes the Moore-Penrose inverse, Rt = RT and R is left inverse (i.e.,
R'R =1,). RR' is a p x p diagonal matrix where the r first diagonal entries has value



1 and the rest of the diagonal entries are zero. The data sets we are working with have
Nmax > D > 7 (€.8. Nmax = 100000 and r = 5). We let

& = Rfoy
The above allows us to have an oth order vector autoregressions, VAR (o), by settings

Qp = (gtagt—la cee ,ft—o+1)

F, -~ -~ F,; F,
I. o -- 0 0
F=]l0 I . ; F, ¢ R™<"
0 0
0 0 I 0
I will use a particle filter and smoother to get smoothed estimates of i1, . .., g given the
outcomes y1.q = {y1,¥2,...,Ya} and use an EM-algorithm to estimate Q, w, and po. One

choice of smoother is shown in [Fearnhead et al.| (2010) and another is the the generalized
two-filter smoother shownby [Briers et al. (2009). The rest of vignette is structured as follows:
first I give a brief introduction to the implemented particle filters and smoohters. Then I
cover what the effect is of some the arguments to particle functions in R in the packages.
The implemented particle filter and smoother from [Fearnhead et al.| (2010) is presented
next, followed by the used EM-algorithm, the smoother in |Briers et al.| (2009), and other
miscellaneous topics.

1.1 Overview

As a quick recap which will ease reading the next sections, we will start by recalling an
application of importance sampling, use this to motivate particle filtering, and give a brief
idea of the implemented particle smoothers. Suppose we want to approximate a density
¢(x) = ¢é(x) where we only know ¢(z) and not the normalization constant (. One way to
approximate this density is to

e sample x1, za,...,zy from a distribution with density b(z).
e Compute the unnormalized weights w; = ¢(z;)/b(z;).
e Normalize the weights w; = w;/ Zf\; ;.

This gives us the following discrete approximation of the density

c(x) = Z Wbz, ()

where §, is the Dirac delta function which has unit point mass at z. This is directly
applicable to the model in Equation as at time 1 we want to approximate

g1 (y1]a) [ f (a1|ew) ¢ (oo, Qo) dexg
p(y1)

p(ailyr) =



where ¢ (-/m, M) is the density function of a multivariate normal distribution with mean
m and covariance matrix M. We can easily evaluate the numerator for each c; but not the
normalization constant, p (y1).

The extension to a particle filter (which I will call a forward particle filter) is that at
time 2 we want to approximate

92 (Y2|a2) f (az|a)
P (ya2ly1)

p(a1:2lyr2) = p(ai|y1)

Now, we can use the discrete approximation at time 1 of p (a1]y1), sample as given each
sampled a1, and apply importance sampling again. We can repeat this with similar argu-
ments at time 3,4,...,d giving us an approximation of p (a1.q|y1.4). We will call the last
element of a sampled path at time ¢ a particle. Further, we will denote the jth particle at
time ¢ and its’ associated weight by agj ) and ng ) respectively. One issue that may arise is
that our samples (particles) may degenerate so essentially only one sampled path of a.4
has any weight in the end. To avoid this, we may introduce a re-sampling step. One way
to re-sample is using the weights and letting the re-sampling weights be 5,5(1)1 = w,gj ) where

Bt(i)l is the re-sampling weight of particle j at time t. We then sample with replacement
using ﬁt(i)l. Another option when we re-sample the particles from time ¢ is to use the infor-
mation of the outcomes at time ¢ + 1, y, 1. This is called an auxiliary particle filter and is
introduced in [Pitt and Shephard| (1999).

However, we may end up with few or only one unique value at the early time points
(say a1) when we re-sample. Thus, it will be useful to use a smoother to get a better
approximation of the marginal density p (au|yi1.4). To do so, one idea is to use the two-
filter formula from Kitagawal (1994). Though, this requires that we can evaluate p (ys.q|cu).
It turns out that we can approximate this up to a constant which just what need (see
Section .

The approximation uses a particle filter which is run backwards in time and which
approximates an artificial distribution. The arguments for the backward particle filter is
very similar to the forward particle filter presented above. The kth particle in the backward
particle filter at time ¢, its’ re-sampling weight, and the associated weight will be denoted
by respectively &Ek), 2@1 and @t(k). The final 7th smoothed particle and weight at time ¢
will be denoted by a§ ) and @t(i). The latter gives us the following approximation of the
marginal density of o | Y1.4

i

Ns
p(ulyra) ~ Z@tl)%y) (at)
i=1 )

if we sampled Ng smoothed particles at time ¢t. The smoothing algorithm from [Fearnhead
et al.| (2010)) is shown in Algorithm |1} the forward particle filter is shown Algorithm [2 and
the backward particle filter is shown in Algorithm

1.2 Methods in the package

The PF_EM method in the dynamichazard package contains an implementation of the de-
scribed methods. You specify the number of particles by the N_first, N.fw.n bw and N_-
smooth argument for respectively the Ny, N and Ny in the Algorithm We may want
more particles in the smoothing step, Ny > N, as pointed out in the discussion in [Fearnhead



et al.| (2010, page 460 and 461). Further, selecting Ny > N may be preferable to ensure
f
coverage of the state space at time 0 and d + 1.

The method argument specify how the filters are set up. The argument can take the
following values

e "bootstrap_filter" for a bootstrap filter. This is where we sample using Equation
, and . This is fast but the proposal distribution may be a poor approxi-
mation of the distribution we want to target.

e "PF_normal_approx_w_cloud mean" and "AUX_normal_approx_w_cloud mean" for the
Taylor approximation of the conditional density of y; made using the mean of the
parent particles and/or mean of the child particles. See Section [2l The PF and AUX
prefix specifies whether or not the auxiliary version should be used.

e "PF_normal_approx_w_particles" and "AUX_normal_approx_w_particles" for the Tay-
lor approximation of the conditional density of y; made using the parent and/or child
particle. See Section 2] The PF and AUX prefix specifies whether or not the auxiliary
version should be used.

The smoother is selected with the smoother argument. "Fearnhead 0ON" gives the
smoother in Algorithm [T] and "Brier_0_N_square" gives the smoother in Algorithm ] The
Systematic Re-sampling is used in all re-sampling steps. See
for a comparison of re-sampling methods. The rest of the arguments to PF_EM
are similar to those of the ddhazard function.

It is not clear what will give the best performance for a given data set. An advice
is to use the trace argument and check the effective sample at each point in time doing
the estimation. "bootstrap_filter" may not be that much cheaper in terms of com-
putation time as we still have to evaluate g; in Equation , , and which is

O (NmaxNT) or O (NmaxNgr) run times. On the other hand, the ". .. w_particles" meth-
ods are O (nmaxN1?) or O (nmaxNgr?) run times with a potentially much larger constant.
Thus, the "..._w_cloud_mean" may be preferred.

The rest of the vignette covers the implemented methods. It is mainly included to
show exactly what is computed and why. Further, I cover some currently not implemented
extensions that may be implemented in the future.

1.3 Proposal distributions and re-sampling weights

Algorithm [I]shows one of the particle smoothers shown by [Fearnhead et al/ (2010) in the first
order state space model. In this situation R =1, r = p and a; = &. We need to specify a
series of proposal distributions and re-sampling weights. To show what is implemented and
why, we first consider the model where

Y | (o 7 NN(Xtat + O¢ + th,Ht)

for some known positive definite matrix H;. This is not implemented in this package but
deriving optimal re-sampling weights and proposal distributions is possible in this case. In
fact, it makes little sense to use a particle filter and particle smoother in this case since the



Kalman filter and an exact smoother can be applied. However, the results here will turn
out to be useful to motivate the approximations we use later. The state space model is

Yyi ~ N (n:, Hy)

nt:Xtat+Ot+th i:l,...,nt

o, =Fa,_; +Re etNN<O’Q)’ t=1,...,d
O‘ONN(NO,QO)

We let hy = 0; + Z;w such that n;, = Xy + h; to ease the notation. We first turn to the
forward particle filter in Algorithm [2] Ideally, we want the re-sampling weights to be

9 o (o) ®
= /gt (yt|at)f (at’a,gj_)l) datwt(j_)
— X,F () h:. X XT H (4)
o |y | XeFay”) + hy, X, QX + Hy ) wy”

We can notice that setting ,Bt(j ) = wij_)l yields the so-called sequential importance re-sampling

algorithm. For the proposal distribution, the optimal proposal density is

q (at

011(5];)17 yt) =p (at al(g‘i)la yt)
where we find that

log p <at’a§j—)17yt> =logp (atayt’agj—)l) +...

agjjl) + ...

1 _
=5 (yt - Xiop — ht)T H; ! (yt - Xiop — ht)

= log g: (y¢|axy) + log f (at

2
1 NT .
—3 (at — Fagi)l) Q! (at — Fa§1)1> +...
1 .
= —ia:Eflat +ao/Z (agi)l) +...
-1
3= (Q+ X/ H'X,) (3)
p(x) = B (Q'Fa + X/ H; (3¢ — he)) (4)
The ... are terms of the normalization constant. We recognize the multivariate normal

distribution density and thus the optimal proposal density is
04,(:];)1, yt) =¢ (at u(agi)l), 2t>
Alternatively, we can use the so-called bootstrap filter and let
¢ (e Fal’,,Q) (5)

which we can sample from in O (Np2) time if we have a pre-computed Cholesky de-
composition of Q. This is computationally cheap compared to optimal solution which is
O (Np? 4 p® 4 nmaxp?) but it is not optimal.

q (at

aﬁj,)p yt) =0 (at



Backward filter (Algorithm

We need to specify the artificial prior ; (e;) for our artificial backward distribution. Briers
et al.| (2009, page 69 and 70) provides recommendation on the selection. One suggestion is
the artificial density function

() = 6 (e[, P2
m, = Flug (6)

gt_{ Qo t=0

FP, FT+Q t>0

The backward arrows are added to stress that these are means and covariance matrices
which we use in the artificial distribution we target in the backward particle filter. The
artificial distribution we target in backward particle filters has the following conditional
density functions

d d—1

P (ealya) o< v () [ [ 9i (wilew) [T £ (ctigalew)

1=t 1=t
TR

da 1
Yeri(ouwsr)

P (0u|ys1)a) o< (o) /ﬁ(at+1|y(t+1);d)

ﬁ(atk’/t:d) X gt (yt|at)15(at’y(t+1):d)
f (euga|a) i () %
Ye+1(41)

platlogyr) =

where we have left out some of the normalization constants. Sampling from this artificial
distribution turns out to be useful as it gives us an approximation of a conditional density
we need up to a constant (see Section . To derive the re-sampling weight, we first find an
expression for the density p (a¢|oi4+1). We can observe that

logp (a¢|asy1) = log f (eu|ai1) 4 log e (o) + ...

1 _ S
= —*a;rgt 1at — a;r St 1<Et(at+1) + ...

SO

As shown by [Fearnhead et al.| (2010), we can show that

S, =P F P LQF T 9)
<Et(:c) = gtFTﬁ;jlﬁ + gtg;l’r(?lt



The first equality can be shown by
71 _

(?tFTﬁ;:lQF—T) (P +FTQ'F) 1
= FTQflﬁH_lFfT%t—l (P! + FTQF)*l
= FTQ_1Ft+1F_T§;1 (ﬁt - %tFT (Q + F%tFT)_l F%t)
—F QP FT (1 _ FTﬁ;leﬁ)
~FQ P, ,F T -F Q'FP,
=FQ ! (FPF +Q)F T-F Q 'FP,
=1

where we assume that all matrices are non-singular and we use the Woodbury matrix iden-
tity. Similar arguments can be used for <Et($). Using the above, we can find that the
optimal re-sampling weights are

>(k ~ ~(k)\ ~(k
t( ) p (yt‘a§+)1) wt(+)1 (10)
o8 /gt (yi|at)ﬁ(at

~ b ~
=¢ (yt‘Xt%t(agi)l) +hy, X S tXtT + Ht) wﬂ?l

~(k (K
0‘§+)1> datw§+)1

or we can set the re-sampling weights proportional to ~,§k) 0'e ﬁg_@l and get a sequential

importance re-sampling like algorithm. As for the proposal distribution, the optimal density
is

logfj(at Y, &gi)l) = logfﬁ(at, 54&’21, yt) +...

= logv: (as) + log g (y:|oet) +log f (aﬁﬂ’at)

1

_ —iajg;lat ol ST E@EY) + .

S, =P+ FTQIF+ X HX,)

ﬁt(w) = Et (P;lmt + FTQ_lw + X:H;l(yt — ht>)
Thus, we set

E]V(Olt yt,&iﬂ) =9 (at ﬁt(&ﬁﬂ), gt)

A computationally simpler but non-optimal option is to use a bootstrap filter like method

and set . .
7 (euly &) =5 (@) (1)




Combining / smoothing (Algorithm

We end this example with the conditional Gaussian observable outcome model with the
proposal distribution needed for Algorithm [[] We want to select

q (at‘aij_)la Yi, &Ef—)l) =p (at ‘agj_)p Yi, a§+)1)
o) £ (o)

Looking at the log density as we did before, we find that

x g (yilew) f (eu

j 2
O‘gi)p Yi, a§+)1)
logg(yt|at) +log f (at‘am ) +log f (&g{?l’at) +

_ 14 k
- _iat ﬁt lay + atTﬁt ! agj)l’ag-i-)l)

log g (at

S = (Q ' +F QI+ XJHX,) (12)
Wiz, %) =%, (Q 'Fz + FQ '+ X/ H (g — hy)) (13)
so that
~ (k) AN
(s 73 at 1aytaat+1 = Nt at 1?at+1) t
Alternatively, we can use a bootstrap filter like proposal distribution with
-1 TA-11) !
¥, = F'Q 'F

Wiz, ) =% (Q 'Fz +F'Q'%)

This is not optimal but faster.



Algorithm 1 O (N) particle smoother using the method in [Fearnhead et al.| (2010)).

Input:

QvQOva()lea"'7dezla"'7Zd7013"'7Oday17'~~7yd7R17'~~aRdaw
Proposal distribution with density

k
(at‘at 1 Yt a§+)1) (15)

1: procedure FILTER FORWARD
2: Run a forward particle filter to get particle clouds {ay ) wl ), [3t }

approximating the density p (a|yy.¢) for t = 0,1,...,d. See Algorithm |2 _17.”7N
3: procedure FILTER BACKWARDS
4: Run a similar backward filter to get { (k), @E ), ~f(k)1}k - approximating the
artificial density p (a|yi.q) for t =d+1,d,d — ,1. See Algorithm Bl
5: procedure SMOOTH (COMBINE)
fort=1,...,ddo
Re-sample
7 Sample i = 1,2,..., N, pairs of (j;, k;) € N? where each component is
independently sampled using re-sampling weights Bt(j ) and E,f’“)
Propagate
8: Sample particles al(t Y from the proposal distribution ¢ ( ’aijll, Y, &gif)
Re-weight
9: Assign each particle a weight
o 1 (@0 ]a) o) £ (s2]a7) it »
t q (ai) aﬁ"i,yuaLf) OB Y4 (&Eif)




Algorithm 2 Forward filter as in [Pitt and Shephard| (1999)). It is equivalent with |Doucet
and Johansen (2009, page 20 and 25). The version and notation below is from [Fearnhead
et al.| (2010, page 449).

Input:

~

Proposal distribution with density

a)E]—)h yf)

q (Oét

Function h to compute re-sampling weights

59 o s o)
Sample aél), e a(()Nf) particles from A (pg, Qo) and set the weights w(()l), . 7u/(()Nf)
to 1/Nf.
fort=1,...,d do
procedure RE-SAMPLE
Compute re-sampling weights ﬁt(] ) t(] ) ¢

using h and re-sample according to (3 o

get indices j1, ... jn. If we do not re-sample then set 5t(j) =1/N or 1/Ny at time t = 1.
procedure PROPAGATE

Sample new particles a,(f) using the proposal distribution ¢ (at‘a&i, yt>.

procedure RE-WEIGHT
Re-weight particles using

o (w]ad?) 7 (f]a®?) wit)

o (o T2, we) 50

(@)

w;

10



Algorithm 3 Backwards filter. See Briers et al|(2009) and [Fearnhead et al.| (2010)).

Input:

1

An artificial distribution

P (|yra) < Vi (o) p (Ye.aler)
with an artificial prior distribution ~; (ct).
Proposal distribution
~ ~(k
7 (oo 58
Function A to compute re-sampling weights
2k ~ (k) \ ~(k
5t( ) x h(yt,a§+)1)w§+)1
Sample &Ell-gv cee &Eﬁfl) particles from 7441(-) and set the weights 117((;21,
1/Ny.
fort=4d,...,1do
procedure RE-SAMPLE

Compute re-sampling weights ng) using h and re-sample according to Et(k) to

get indices k1, ... kn. If we do not re-sample then set Bt(’“) =1/N or 1/Ny at time

t=d.
procedure PROPAGATE
~(1)

Sample new particles o; * using the proposal distribution a(at‘&giil) , yt).

procedure RE-WEIGHT
Re-weight particles using

oo (w]@”) 7 (&

q (aﬁ”

&) 7 (&) ity

~ (ki ~ (ki ki
a§+f,yt) Y41 (a1(5+1)> :S )

~(%)

w, ' o

11



2 Non-linear conditional observation model

If we go back to the model in Equation then y; | a; is not a multivariate normal dis-
tribution for the implemented models. In this case, we have no closed from solutions for
the optimal re-sampling weights, and we do not know the following conditional distribu-
tions: @ | Yi, o1, ¢ | Yi, ary1 (in the artificial distribution P), and oy | yi, ae—1, oy y1.
However, assume that g; (y:|a;) is log-concave in a;. If this is true then it is easy to show
that all of the previous three conditional distributions are unimodal. Hence, we can make
a multivariate normal approximation as in [Pitt and Shephard, (1999). To do so, we make a
second order Taylor expansion around some value z to get

k() = log gi (y:|m(cwt)) (o) = Xioy + hy
log g1 (yt|ow) ~ Dk (2)(ar — 2) + %(at —2)THky(2)(ap — 2) + ...

(v — z)—r (—Hk(2)) (s — 2) + . ...

— Hkt(z)—let(z)T) _ %a: (—Hkt(Z)) o+ ...

where ... includes the zero order term, Dk; is the Jacobian, and Hk; denotes the Hessian. I
add a subscript to D and H to indicate when Jacobian or Hessian is with respect to a given
variable. We still assume that we use a first order state space model such that r = p. We
notice that

Hky(z) = Da,n(2) "Hylog g; (4:/n(2)) Da,n(2)
=X/ (—Gu(2))Xy,  Gi(z) = —H,log g (y:|n(z))

which follows from the chain rule and we use that Hq,n(z) = 0. Thus,
1
log g; (yilew) = o X[ Gi(2)u(2) — SouX/ Gi(2) X
wy(2) = Xyz — Xy Hky(2) 'Dky(2) T
This yields the following multivariate normal approximation
gt (Ytlow) = ¢ (Xtat|ut(z); Gt(z)_1>

The Taylor approximation is easily used in the proposal distributions. E.g., for given z,
we get the following mean and covariance matrix analogues to Equation and in the
proposal distribution in the forward particle filter

%i(2) = (Q + X[ Gy(2)X,)
pe(w, 2) = 2y(2) (Q7'Fa + X/ Gi(2)uw(2))

12



As for the re-sampling weights, we can use

a= p’t(agj)lv )
(J) - p( ’a(J) ) w§1)1

as in [Fearnhead et al.| (2010). We can approximate the backwards particle filter re-sampling
weights in equation in a similar way

B o (w]aih ) @l
g wla) 5 (alal)) @l
7 (aly &)

~ ~(k) | ~ ~\ ~(k
gt (yila) f (ang)l’a) ’Yt(a)w§+)1

~
~

- (20)
7(&fye &) (@)
a =), 2)
(@, 2) = 5,(2) (P 'my + FTQ e + X Gy(2)w(2)) (21)
$.(2)= (P +FTQ'F+ X/ G,(2)X,) (22)

We may also use a multivariate ¢-distribution for the proposal distribution to get heavier
tails than we do with the multivariate normal distribution.

2.1 Where to make the expansion

An options is to make the Taylor expansion at a mode for each particle or particle pair in
the smoothing step. This yields

2U) = arg max ¢ (yt\z)f( ‘0‘(]) )
2k = argmaxgt (yelz) ve(2) f (&£+)1‘z>

20 = argmaxf ( ‘CX(J )> 9t (yel2) f (at+1

?)

13



for respectively the forward particle filter, backward particle filter, and smoother. The
downside is a O (r2nmaxN S) or O (TQnmaxN ) computational complexity at each time point
as we have to evaluate X, G;(z)X; for each particle or particle pair. Instead we can make

the approximation once at each time point at respectively Zf\il w§i>1a§i)1, Zf\il iuvt(i)l&ii)l,

and
-1 N . . N . .
@ +FTQF) <Q1F S w4 FTQ Y @gzglaggl>
i=1 i=1
which will reduce the computational complexity at each time point to O (rmmaxNs + TPlimax)
or O (rmax N + TDlmax ) -

3 Higher order state-space models

Now, we will consider the case where p > r. Currently this is not supported in the package
but may be in the future. An example is a seconder order vector auto-regression, VAR (2),
with 2r = p and

_ Fl F2 . rX7r
F(IT 0), F; €R

Qp = (EtT €tT—1)T

Here

f (eula1) = Gicpa,, (K)o (R*ey|R*Fau-1,Q), K= (IPO_T)
=0¢,_, (Kay) ¢ (&|RTFoy_1,Q)

the second equality follows in a seconder order vector auto-regression. This is easily imple-
mented in the forward particle filter by sampling &; | a;—1 and setting the remaining p — r
variables of a; to KFay 1 (the last p—r rows of Fay;—1). It is not as easy for the backward
filter. To see this, consider the artificial transition density in Equation

CTRENRACD

Ve (oti1)
_ OkFa, (Kai1) ¢ (RTou 1 [RTFay, Q) vi(oy)
B Yet1(0u41)

p(ailaiir) =

where the last equality holds in this example. This distribution is obviously degenerate as
it only has mass at the point & = KFa; in the VAR(2) model.

3.1 Backward particle filter

What we can do in the backward particle filter in a VAR (0) model with o > 1 is to sample

&;: at time ¢ given &Ei)o. Thus, we start Algorithm [3| by sampling aq+,. Further, we change

14



the artificial prior distribution density in Equation @ to
Ve (ar) = ¢ (at"’(?"t, gt)
Y (&) = ¢ (Ott R*mn,, R+$tR+T)

7<1—”Lt = Ftﬂo

Ft:{ Qo t=0

FP, ,FT +RQRT >0

Next, we find the conditional distribution &ii)o | &. To do so, we first find the join distri-
bution of (e ,,& ) . We can find that

k
& =R'Frag+ > Gk —i)e
i=1
I, 7=0
G ] = { min(j,0 . . .
) Zi:l(], )FiG(J —i) j>0
Thus,
E (&) = RTF*uo = RTm,

E (at) = My

t
Var (&) = 3 G(t - )QG(t — i) + R*FIQuF' T R*T

=1
=R'P,R"T
l
Cov (&, &) = > G(k—i)QG(l —i)" + R"FFQF 'R, k>l
=1
Var (o) = Py

with which we can find that the joint distribution is

(at+o> N <( My, > < Piio Cov (o, 51&)))
& Rtm; ) \Cov(&,a:,) RYP,RTT
We are now able to compute
E(ai10l&t) = Mayy e, = Mivo + Cov (o, &) R'P;'R (& —RTmy)
=v; + V&
V; = Cov (a40,&)RTPIR
UVt = Myto — V.R m,
Var (at10l&t) = By, = Prio — Cov(aio, &) RTP;TRCov (€, ary0)

Having found this conditional distribution then we can apply similar arguments as we
did before and find the following mean and covariance matrix in the proposal distribution

(68, 2) = Su(z) (RTP 'my + VIS (@, - v) + XT Gu(2)u(2))

attol€t

-1
Si(z) = (RTP;1R NI VAL St Vs X:Gt(z)Xt>

aptol€t
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which replaces the mean and covariance matrix in Equation and 7 z; € R" is the
value of &; at which we make the Taylor expansion, and G; and w; are defined in terms of &;.
The new proposal distribution is used in Equation when we compute the re-sampling
weights where we change the v and ;41 function. The two densities are changed to be
Ve (§) in the numerator and ’yd+1(&g}21) or ’yt+1(g£’_f_)1) at t < d in the denominator where ~;
is understood as marginal density of & when xi is used instead of alpha.

3.2 Combining/smoothing

Similarly, in Algorithm [1| we sample pairs of particles (aijji, &gljfg), and sample &; given

each pair. We can replace the mean and covariance matrix in the proposal distribution in
Equation and with the approximation

S =(Qt+vis)

ji) ~ (ki
Wt(agj—%v a§+3> z)

-1
\Et Vt + X:Gt(z)Xt)

= %u(2) (Q'RYFa’) + V=

Qttolét

(@ — ) + X[ Gu(2)X,)

where z is the value of &; that we make the Taylor expansion at.

4 Log likelihood evaluation

We can evaluate the log likelihood for a particular value of 8 = {Q, Qq, po, F} as described
in [Doucet and Johansen| (2009, page 5) and Malik and Pitt| (2011, page 193) using the
forward particle filter shown in Algorithm

5 Parameter inference

In this section I first show an example of parameter estimation in the first order random
walk using the EM-algorithm (Dempster et al.,[1977). Then I cover the general vector auto-
regression model and how one can estimate the fixed effects. Lastly, I will turn to estimation
of the observed information matrix.

The formulas for parameter estimation for the first order random are particularly simple.
We need to estimate Q and ag elements of ¢ = {Q,Qp,uo}. We do this by running
Algorithm [I] for the current ¢. This yields the following quantities from the E-step

N
tgso) ~ Z aﬁ”@ﬁ”
o . (23)
¥ ~ 3" (a1 - Faf) (a2 - Fai) af?
i=1
where we have extended the notation in Algorithm [I] such that superscript j;; is the index

from forward cloud at time ¢ — 1 matching with ith smoothed particle at time t. Then we
carry out the M-step by updating po and Q given the summary statistics above

d
1
o = tg‘P) Q — m Z R+Tt(‘P)R+T (24)
t=2
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We then take another iteration of the EM algorithm with the new py and Q till a
convergence criteria is satisfied. See |Kantas et al.| (2015)), Del Moral et al.[(2010) and |Schon
et al.| (2011]) for further details on parameter estimation with particle filters.

5.1 Vector auto-regression models

We start by defining the following matrices to cover estimation in general vector auto-
regression models for the latent space variable

T
N= (&l a sl &) R
M = (agjn)’ . angﬂ)’ aéjw)’ . aésts), ang), L aéjivfd))—r
W = dla‘g (@51)7 s ’@;N.G)ﬂ,&j\i(’;l)? oo 7@5(31\[3)’ '&)\4(11), - ,’&}\ISNQ))

where diag (+) is a diagonal matrix. We suppress the dependence above on the result of the
E-step in a given iteration of the EM algorithm to ease the notation. The goal is to estimate
F and Q in Equation . We can show that the M-step maximizers are

F'RT = (M'WM)  M'WN (25)
Q= -1 (N—m*FM) W (N-R+FM 26
Q- ot (N o) w (b e

which are the typical vector auto-regression estimators with weights. Equation and
(26) can easily be computed in parallel using QR decompositions as in the bam function in
the mgev package with a low memory footprint (see Wood et al., 2014). This is currently
implemented. Though, the gains from a parallel implementation may be small as the com-
putation here have a computation time which is independent of the number of observations.
Thus, the computation involved here is often fast as the dimension of the state vector is
small.

5.2 Restricted vector auto-regression models
Suppose that we want to restrict some of the parameters of F and Q. Let
(51,82,...,8,) = J
(021,031, -+ ,0r1,032, -+, 072,043, -+, 0 p—1) | = Ko

Then we can restrict the model such that

2
o; = exp(s;) Pij = m -1
ij
vec (R+F) =G6oO Q=VCV
cr 0 -0 1 por o Prl
vV — 0 o2 0 c— | Pz 1 Pr2
0O ... 0 o, Pri oer Pro—1 1
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and where vec (-) is the vectorization function which stacks the the columns of a matrix
from left to right. E.g.,

A) — T
VeC( ) = (an,azl,a31,a12,a22,a32,a13,a23,a33)
aj; a2 Qi3
A= az ax ax
as; asz2 ass

G € R"P*Y9 is a known matrix with ¢ < rp and we assume that it has full column rank.
Similarly, J € R™! with [ < r and K € R""=1/2%F with k < r(r — 1)/2. Both are known
and have full column rank. We assume that G is such that F is non-singular for some 6
since Equation @ used. Further, we assume that J and K are such that Q is a positive
definite matrix for some @ and ¢ pair. V is a diagonal matrix containing the standard
deviations and C is the correlation matrix.

We cannot jointly maximize 6, 19, and ¢ analytically but we can maximize 0 analytically
conditional on % and ¢. Hence, we can employ a Monte Carlo expectation conditional
maximization algorithm in which we take two so-called conditional maximization steps (see
Meng and Rubin), (1993, on the, non-Monte Carlo, expectation maximization algorithm).
The first conditional maximization step is

eUt) — gt (Q(i) ® (MTwm)*l) GG vec (MTWNQ*(“) (27)

where ® is the Kronecker product and Q= (9 is the inverse of Q(¥. Equation (127) is easily
computed with the QR decomposition we make to compute for Equation (25). Having
obtained the new 8(t1) we update the variable elements of F (those columns ”picked out”
by R in RTF) and denote the new estimate F(+D . The second conditional maximization
step which updates ¥ and ¢ is

7= (N _ R+1A?<i+1>1v[)T W (N _ R+ﬁ(i+1>1v[)

B, S0 — argmax—(d - 1) log Q. @) — tr (Q¥. 9) '2)

which can be done numerically. We have made Q’s dependence on 1 and ¢ explicit to em-
phasize which factors are affected. C may not be a valid correlation matrix for all ¢ € R¥
for some choices of K. The invalid values are ruled out excluded doing the numerical op-
timization. This completes the two conditional maximization steps. The next E-step is
then performed using @C+1), p(+1)  p(+D  Meng and Rubin| (1993, see the discussion)
comments that it may be beneficial to perform an E-step between each conditional maxi-
mization step when the E-step is relatively cheap. This is not the case here since all the
above computations are independent of ny,.x. Thus, if we have a moderately large number
of observations at each time point relative to the dimension of the state vector, then we will
use most of the computation time performing the E-step.

5.3 Estimating fixed effect coefficients

Next, we turn to estimating the fixed effects coefficients, w, in Equation . If we assume
that observations, y;:s, are from an exponential family then it is easy to show that the
M-step estimator amounts to generalized linear model with Ny observations for each y;;
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which differ only by an offset term and a weight. The offset term comes from the =, R* &g-t)

term in Equation for each of the j = 1,..., Ns; smoothed particles. The corresponding
weights are the smoothed weights, @;t). The problem can be solved in parallel using QR

decompositions as in Section This is what is done in the current implementation.

5.4 Observed information matrix

Computing the observed information matrix requires an application of the missing infor-
mation principle [1982). However we cannot evaluate the quantities we need with
the output from Algorithm [I] since we only have discrete approximation of the smoothed
distribution of triplet of particles, a;—1.44+1, but need an approximation for the entire path,
a1.4. One solution is to use the methods covered in e.g., |Cappé et al| (2005, section 8.3 and
chapter 11) and [Poyiadjis et al.| (2011). The method in |Cappé et al.| (2005)) only requires
the forward particle filter output. It is not implemented, though.

6 Other filter and smoother options

The O (N 2) two-filter smoother in IFearnhead et al.l (]2010]) is going to be computationally
expensive as an approximation is going to be needed for Equation (8) in their article. The
non-auxiliary version in Briers et al. (2009)) is more feasible as it only requires evaluation of
f in the smoothing part of the generalized two-filter smoother (see Equation (46) in their
paper). Similar conclusions applies to the forward smoother in |Del Moral et al.| (2010)
and the backward smoother as presented in IKantas et al.l 42015]). Both have a O (N 2)
computational cost.

Despite the O (N?) cost of the method in [Briers et al.| (2009) and [Del Moral et al.| (2010)
they are still worthy candidates as the computational cost is independent of the number of
observations, n. Further, the computational cost can be reduced to O (N log(N)) run times
with the approximations in Klaas et al. (2006).

The method in Malik and Pitt| (2011} see particularly section 6.2 on page 203) can be
used to do continuous likelihood evaluation. I am not sure how well this method scale with
higher state dimensions, p.

Kantas et al.| (2015) show empirically that it may be worth just using a forward filter.
However, the example is with a univariate outcome (n = 1 — not to be confused with the
number of periods d). The cost here of the forward filter is at least O (dNnyaxp). Every new
particle yields an O (dnmaxp) cost which is expensive due to the large number of outcomes,
n. Thus, the considerations are different and a O (dNnmaxp + N?) method will not make a
big difference unless N is large. Another alternative is to add noise to the parameters 6 at
each time ¢ and use the methods in |Andrieu and Doucet| (2002) or similar ideas to perform
online estimation.

19



7 Briers et al. (2009)

The O (N?) smother from Briers et al. (2009) is also implemented as it is feasible for a
moderate number of particles (though, we can use the approximations in [Kantas et al.|
2015[to reduce the computational complexity). It is shown in Algorithm 4! The weights in
Equation comes from the generalized two-filter formula. To motivate the smoother, we

use _
p (at |yt:d)

¥t (o)

to generalize the two-filter formula in Kitagawal (1994) as follows

P (Yr.alar) = P (Ye.a)

T i -
x p(et|yre—1) p (Yedlo)
=p(at|yi4—1) P (Ye:a) (’ya(t|yt)d)

X p(a|y1.e—
( t| e 1) %(at)

UP (ar-1ly1e-1) f (ou]ay—1) aatfl]

Ve (o)
[Zjv 1“’@1 ( o a§J)1)}

o Z ~(Z)5~ . (&E”)

= ]3(04t|yt;d)

where X means approximately proportional. Similar arguments leads to

p(at—ht\yl:d)

0(p(at—l:t|y1:t—1)p(yt:d|at—1:t)

=f (atlatfl)p(atfl‘ylztfl)p(yt:d‘at)
ﬁ(at|yt:d>

’Y (o)

N (i) [Zk lwt 1f (at
Z Wy 5~() (o) =0
acy

1j=1

x f (at|at71)p(at71‘yl:t71)

)

wt 15 @ (at_l)f<a§i) agj_)l)
[Zk 1w(k) (ag) (’i )]

Mz

-
I

I
M
M) =

@
Il
—_
<.
Il
—_

@t(l,])éagl) (Olt) (Sagi)l (atfl)

where

wzgj)l (agi) a§1)1>
Sl (0ol @9)

@t(i’j) _ ,[Dgi)
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We need the latter for the EM-algorithm.

Algorithm 4 O (N 2) generalized two-filter smoother using the method in Briers et al.
(2009)).

Input:

Q7Q07a’0axla-~-axd7y17"'7yd7R1a"'aRd7w
1: procedure FILTER FORWARD

2: Run a forward particle filter to get particle clouds {a&j ) wl ), [3t }

approximating p (a|y1.¢) for t =0,1,...,d. See Algorithm l o
3: procedure FILTER BACKWARDS
4: Run a similar backward filter to get { (k), 15,5 ), Nt(ﬁ)l}k e approximating
D(at|ypq) fort =d+1,d,d—1,... 1. See Algorithm

5: procedure SMOOTH (COMBINE)
fort=1,...,ddo
7 Assign each backward filter particle a smoothing weight given by

N _
(i) ~(0) [ZJ 1wy ( ai@lﬂ
Wy X Wy ~@

Yt (at )

With the result above, we can show the arguments behind the smoother from [Fearnhead
et al.| (2010)). Similar to Equation we find that

@

p (at\ylzd) xXp (at‘ylztfl) p (yt:d|at)
= p(e|yr:e—1) 9t (Yeloe) p (Yes1:ale)

:/f(at|at—1)p(at—1|y1:t—1)dat—lgt (yelow)
'/f(at+1\at)p(yt+1:d|0ét+1)dat+1
O</f(at|at71)p(at71|y1:t71)datflgt (yt|at)

P (41]Yit1:0)
« o) ——————————da
/f t1lo) eet(oesn) t+1

N N »
: » =
< Z Zf (at‘a?jl) wi? g (yilew) (agll‘a,) e

i=1j=1 %+1(04£321)

Thus, we can sample oy from a proposal distribution given the time ¢ — 1 forward filter
particle, agi)l, and time ¢+ 1 backward filter particle, &gl, for all N? particle pairs. Alter-
natively, we can sample the t —1 and t+ 1 particles independently which yields Algorithm
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Further, we can find that
p (at—1:t|’y1:d) =p (at—lzt\ylzt 1)91& (yt|at 1: t)p(yt+1 d|at 1: t)
o fatlog—1)p(—1]y1:e-1) g (Ye|ow)

/f (o) p(ai1|Yeyr: d)da

t+1
Yer1(otgr)

N
XD 0w (@)d_e) (at)f( oy )) gt (y ‘at )
i=1 =t
~ (i) P(@t41]Yi+1:4)
. (e} « — T T dx
/f( t+1‘ t ) '}/t.l,_l(at_i,_l) t+1
N,
3w 050 ()b, ()
i=1 =1

where superscripts j; are used as in Algorithm [I] implicitly dependent on ¢
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A Vector and matrix products

The methods described above involves many vector and matrix products. These are im-
plemented with C++ abstract classes with specialized map member functions for particular
problems to decrease the computation. An alternative would have been to use a sparse
matrix implementation. It does not matter much in terms of computation time if n; is
much larger then the state vector’s dimension. However, this section for people who looks
through the code. As an example we have a mapping matrix A which C++ abstract member
on the main data object used in the package called xyz. E.g., this could be F with name
state_trans. Then the following operations are implemented

e map(): Returns A.

e map(const arma::vec &x, bool tranpose): Returns AT if
tranpose == true and Ax otherwise.

e map(const arma::mat &X, side s, bool tranpose): Let B = AT if tranpose
== true and otherwise B = A. Then the result is BXBT if s == both, BX if s ==
left, and XB' if s == right.

These are implemented for

C++ member name Matrix A

err_state R
err_state_inv Rt=RT
state_trans F

state_trans.err RTF=R'F
state_trans_inv F~!

Further, we will need function to compute terms
— S 5-
ﬁtFTgt_;_llat—&-l + S tgt 17(7_7/t

for an arbitrary o1, <§t = %tFTﬁt_leQRTF*T, ‘E;léﬁt, and ?t_l. This is done with
the methods bw_mean(signed int, const arma::vec&), bw_covar(signed int), uncond_-
mean_term(signed int), and uncond covar_inv(signed int). The terms and factors
that can be computed once are computed once.
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